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S tress sy stem s in iso tro p ic a n d aeo lo tro p ic p lates. V I n t r o d u c t i o n 1.
T he effect o f a circular or elliptical hole on stress d istributions in an isotropic p la te has been extensively studied b o th theoretically an d experi m entally, a n d it has been found th a t th e holes cause considerable local increases in th e stresses. E xperim ental results have also been obtained for p ractical problem s in which holes of o ther shapes affect th e stress d istrib u tio n s (see Coker & Filon) , b u t no corresponding theoretical results have been o b tained so far, although a m ethod of solution for such problem s has been given b y Muschelisvili (1933) . In th e first p a rt of this p ap er a theoretical solution is given for problem s of stress distributions in an infinite isotropic p la te w hich contains a hole of a fairly general shape. W ell-known results for a n elliptical hole are easily deduced as special cases. The solution is th en used to discuss certain stress distributions near rectangular holes an d near holes represented b y th e p aram etric equations x = n ac os £ + bc os ng, = -rwz sin
The fam ily of curves (1*1) has been studied b y D. M. W rinch in con nexion w ith electrostatic problem s, and th e circle and th e ellipse are in cluded in th is fam ily as special cases. The curve for which 3 an d = 36 is of special interest as it represents approxim ately a square w ith rounded com ers. Some num erical results are given for this case and also for th e case n -2, a -2b which represents approxim ately an equilateral triangle w ith rounded corners.
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In th e second p a rt of this paper th e general solution is extended so as to apply to aeolotropic plates. N um erical results are given for some stress distributions in certain specimens of spruce wood containing elliptical holes.
The m ethod of solution used for both isotropic and aeolotropic plates is an extension of th a t given in a previous paper (Green 1942) which d ealt w ith stresses near a circular hole. The solution depends on finding a conformal transform ation of th e form z= F (£ ), (1*2 )
where 2 ( = x + iy) is the plane of the plate and where £ (= £ + iy) takes rea values a t the edge of the hole. The point ij->co corresponds to the point a t infinity in the 2-plane. The differential form of (1*2) will be needed and m ay be w ritten
where < j> is th e angle between the tangent to the curve y -constant through any point and th e #-axis. Transform ations of this ty p e have been used extensively by R. Morris and others for general harm onic problems. W hen the hole is circular and of radius a the transform ation is (1-6) W hen the hole is one of the family (1*1), the required transform ation is
where for the present b is restricted to be less than a. W hen b and a are equal th e curve is star-shaped w ith (n+ 1) cusps; oth curvature. For some problems it is convenient to change the orientation of the hole of type (1*1) and to use the transform ation z = eiin (nae^S + bein£).
( 1 -8 )
Then, for the case a = 36, n = 3, this represents a hole which is approxi m ately a square w ith rounded corners, whose sides are parallel to the coordinate axes. The tw o forms (1*7) and (1*8) are, for convenience, included in th e differential form^ = a 0e -« + 6"e<"£.
(1-9)
Stress systems in isotropic and aeolotropic p The m ean stresses in two dimensions m ay be expressed in term s of a stress-function x hy the equations
provided th a t Vf x -0.
A ttention will be confined to stress distributions which produce zero force resultants a t the edge of the hole, the conditions for single-valued dis placements being simple for these problems. For such distributions a general solution of (2-2) m ay be p u t in the form
where z = x -iy and where f'(z) and g(z) are regular func tend to zero a t infinity (Green 1942) . Only the real p art of (2*3) is to be used. Hence, from (2-1), the stresses are found to be the real parts of
where dashes denote differentiation w ith respect to z, and where a bar placed over a function denotes the complex conjugate of the function. The equations £ = constant, rj -constant represent a net of orthogonal curves in the 2-plane, and the stresses in the orthogonal coordinates (£, rj) are related to the stresses in the cartesian coordinates (x, y) by the equations H = xx cos2 <fi+xy sin 2< fi + yy sin2 < fi,' rjrj = xx sin2 < j> -xy sin 2< fi + yy cos2 0, -
Thus, using (2*4), g = ig \z )-r (Q { r { z ) + F(l)g'(z)}lf(l):
where the real parts of these expressions are to be taken. Two functions of £, F (£) and W(£) are now introduced which are such th a t F(£) and JF(£) are finite a t infinity and such th a t the real p art of F(£) = -7)7}e, and the imaginary p a rt of W(£) = on the edge of the hole 7) = 0. 7)7)e and ^7)e represent the values of the normal and shear stresses a t the edge of the hole. From (2*6) it is seen th a t F (£) and IF(£) m ay be w ritten in the form
After some simplification it will be seen from (2*6) and (2-7) th a t the stresses may now be taken as the real parts of
where dashes attached to F (£) and W(£) denote differentiation w ith respect to £. The circumferential stress a t the edge of the hole is the real p art of the simple form
Equations (2*8) represent a formal symbolical solution of the stress problem, the stresses being known when F(£), W(Q, and the form of the transform ation (1*2) are known. In the applications which follow attention is confined to those problems for which F'(Q has zeros, b u t no poles, a t points in the plate. Hence F(£) and 1F(£) will have poles a t these zeros, b u t F(£) + W(£) = -2< 7'(z) will be free from poles. Also, in general, F'(£) may be split up into two terms, the first tending to zero as 7) tends to infinity, and the second tending to infinity as 7) tends to infinity. The second term m ay usually be expressed in the form a0e~* I t will be noticed th a t when the hole is circular the solution readily reduces to th a t given previously (Green 1942) by using the transform ation (1*4).
(2-7)
T h e t e n s i o n p r o b l e m 3. Suppose th a t a uniform tension T is applied to the plate a t infinity parallel to the #-axis. I f th e hole is absent the stresses in th e coordinates (£,?/) are found from the real p a rts of the expressions
Thus it is now necessary to find a stress system which tends to zero a t infinity and which takes values a t th e edge of th e hole which are the real p a rts of
Rem embering the conditions which have been attached to the functions F'(Q, F(£) and W(£), it will be seen th a t, for some transform ations, F(£) and W (£) can be expressed in the form
The complete stress system can now be obtained from (2-8), (3*3) and (3*4), together w ith the stresses (3*1) which are transm itted from infinity. The stress He a t the edge of the hole is of special interest and m ay readily be obtained from (2*9), (3-3) and (3*4) together w ith the stress transm itted from infinity. Thus
where the real p a rt only7is to be taken. W hen th e transform ation used is of the form (1*9) it is found th a t (3-3), (3-4) give a satisfactory solution provided n is equal to 0,1 or 2, b u t not for 3, since for these cases the term s in e2i$ in F(£) and TF(£) give infinite stresses a t infinity. W hen 3 it is necessary to add extra term s to F(£) and W(Q in order to ensure th a t the stresses a t infinity take the correct values. The additional term s m ust be such th a t the ratio of the coefficients o fe2^ in the complete expressions for F(£), W(Q respectively is ( n -1), and the extra terms are
so th a t the complete expressions for F(£), TF(£) are the sums of (3-3), (3*6) and (3*4), (3*7) respectively. Also the stress a t infinity is now (1 + 2A) T parallel to the rc-axis and the complete edge stress is the real p art of
4. Using (1*5) it will be found th a t the stress a t the edge of an elliptical hole, whose major axis is parallel to the tension a t infinity, is given by the expression ft = m sinh 2a + 1 -e2a cos 2g 55e cosh 2a -cos 2£ ' K '
which agrees with results obtained by other writers. When the hole is of the form (1*1), then the stress a t its edge is obtained from (1*7) and (3*5) and is found to be ft _ " a 2 -b2 -2a 2 co *7 = 1 a 2 + 62 -2c os (tt provided n^ 2. I f n^ 3 the edge stress is obtained from (1*7)
corresponding to a tension T a t infinity parallel to the a:-axis.
in isotrojpic and plates 237 I f th e transform ation (1*8) is used instead of (1*7), th e n th e edge stress becomes^ _ m a%2a2sin2£ -2a6sin(w -1)£ ^ẽ a 2 + 62 -2aft cos (t& + 1 ) £ ' if n^ 2, and
x sin 2£ -2a 6 sin -1) £, (4*5) if % ^ 3.
The stress a t th e edge of a rectangular hole which has two of its edges parallel to th e tension a t infinity is given by equations (1*6) and (3*5) and is (0 s$£</?; 27t -ytf^£<27r),
5.* I f now a uniform tension T is applied to th e plate a t infinity parallel to th e 7/-axis, th e stresses which are transm itted from infinity are found from the" real p arts of
The corresponding expressions for F (£) and TF(£), for some transform ations, are
and, as before, the complete stress system m ay now be found. The stress a t th e edge of the hole takes the simple form
where only the real p a rt is to be taken.
When the transform ation (1*9) is used (5*2) and (5*3) give the correct stress system if n< 2. W hen 3 the necessary additional term s are and the stress a t infinity is now (1 + 2A) T parallel to the y-axis. The com plete edge stress for 77 ^3 is the real p art of
na0d j * (5*7)
6. The stress a t the edge of an elliptical hole whose minor axis is parallel to the tension a t infinity takes the well-known form a? m sinh 2a -1 + e2a cos 2£ cosh 2a -cos 2£
The stress a t the edge of a hole given by the transform ation (1*7) is
if % ^ 3, corresponding to a tension T a t infinity parallel to the y-axis. A t the edge of a hole given by the transform ation (1*8) the stress is
if 77 < 2, and
x sin 2£ + 2ab sin -1) £, (6*5) i f 7i > 3 . Stress systems in isotrojpic and plates In this section th e plate is supposed to be subject to a uniform shear S, a t large distances from th e hole, parallel to th e x-and y-axes. The stresses tra n sm itte d from infinity are th en th e real p arts of (Q, (7-1) and, for some transform ations, th e expressions for F(£) and W( 0 are now
The stress a t th e edge of the hole reduces to th e real p a rt of
The expressions (7-2) and (7*3) give the correct stress system for the W hen n> 3 the necessary additional term s are
and th e shear stress a t infinity is now (1 + 2A) The complete edge stress for 3 is th e real p a rt of £ e -USS0e«IF'{ 0 
3. The stress a t the edge of the rectangular hole (1*6) is given by the following expressions:
A numerical discussion of the above problems will be given a t the end of the paper after the work has been extended so as to apply to aeolotropic materials.
Stress systems in isotropic and
plates 241 (9' I where a xa 2 = sn /s22, a 1 + a 2 = (s66 + 2 s12)/s22, (9-2) th e elastic constants having th eir usual meanings. As in a previous paper (Green 1942) a general solution of equation (9*1) which gives single-valued expressions for th e stresses and displacements m ay be tak en to be th e real p a rt of X = /(z + 7i«) + g{* + 7 2z)> w h e re /'(z + 7 iz) and g'(z + y 2z) are regular functions of z + y xz and z + y 2z respectively which ten d to zero a t infinity. Also a\ -1 a | -1 7 l = S * + I ' 72 ~ S f + i ' (9-4) th e analysis being confined to cases where y x and y 2 are real and numerically less th a n one. Using (2-5) and (9*3), the stress system is found to be the real p a rt of xx = -( i -y i ) 2/ " ( z + y i 2) -(i-y 2 )V (z + 7 2 z )> ' 
yy = ( i + y i ) 2/" ( z + y iz ) + xy = -i ( l -y l ) f ' ,(z + y 1z ) -i ( l -y l ) g ,,(z + y 2z

1F(C) f'(o V K 71' ifig t*g| r
Functions F(£) and 1F(£) may be defined as for an isotropic m aterial and then, from (9*6), it will be seen th a t they m ay be p u t in the form
+ lf § j-J General expressions may now be found for the value of the stress a t any point of the plate, b u t these expressions will be very complicated and they are not likely to be of much practical value. The stress a t the edge of the hole, which is of considerable interest, can, however, be expressed in a com paratively simple form. Thus, from (9*6) and (9*7), after some calculation, it is found th a t the edge stress is given by the real p art of the formula f t n O {(7 i + 7 a)
As before attention will be confined to those problems for which jF'(£) has zeros, but no poles, a t points in the plate. Hence, from (9*7), it is seen th a t F (£) and W(£) will have poles a t these zeros bu t th a t V{£)+W(£) will be free from poles.
T h e t e n s i o n p r o b l e m 10.
When a uniform tension T is applied to the plate a t infinity parallel to the x-axis the appropriate expressions for F(£) and TF(£) are given in (3-3) and (3*4), and the corresponding stress a t the edge of the hole is then found from (9-8). Thus, adding to this the stress transm itted from infinity, the total stress a t the edge of the hole is found, after considerable reduction, to be given by the expression W hen th e transform ation used is of th e form (1*9) it can be verified th a t th e expressions (3-3) find (3-4) for F(£) and JF(£) give th e correct stresses a t infinity for n = 0 or 1, so th a t (10-1) represents th e correct edge st for these cases. W hen 2 th e infinity conditions* are obscure so applications using these transform ations are w ithheld a t present.
W hen th e hole is elliptical, w ith its m ajor axis parallel to th e tension a t infinity, th e edge stress is given by (1*5) and (10*1) and is found to be H e{( 1 + yf) cosh 2a + 2y 1-( l + y f + 2y 1 cosh 2a) cos 2£}
x {(1 + yf) cosh 2a + 2y 2 -(1 + + 2y 2 cosh 2a) cos 2Q =* 2T (l+ y 1) ( l+ y 2)(c o sh 2a -c o s 2£){l+y1y2 + £(l+ y1+ y 2-y 1y 2)e2* --n -y 2 -ri r 2) e~2a -( n + y2+ e2a+ yiy2e~2a) cos 2£}-
The value of the stress round a circular hole m ay be obtained from this form ula by letting a->oo, and th e result agrees w ith th a t found in previous papers (Green & Taylor, 1945; Green 1942) . Also (10-2) reduces to th e formula (4-1) when y x -y 2 = 0, i.e. when th e m aterial is isotropic.
11. I f a uniform tension T is applied to the plate a t infinity parallel to th e y-axis, th en th e values of F(£) and W(Q are given by (5-2) and (5-3), and th e to ta l stress a t th e edge of the hole can be found from the expression
ae{F,( 0 + 7 i F 'm { F \ 0 + 7 i F \ 0 } { F '( 0 + y i F \ 0 } { F \0 + 7 2 F ,m
(1 M )
The stress a t th e edge of an elliptical hole whose minor axis is parallel to th e tension a t infinity can now be found from (1-5) and (11-1) and is He{(l + 7 i)co sh 2a + 2y 1-( l + 7 i + 27 i cosh 2a) cos 2£}
x {(1 + 7 l) cosh 2a + 2y 2 -(1 + y \ + 2y 2 cosh 2a) cos * T {1 -yj) <1 -y 2) (cosh 2a -cos 2£ { -1 -7 i 7 2 + £ (l-y t -y 2-y xy 2) e2* _ | ( l + 7 i + 7 2-7 17 2)e -2a + (71 + 7 2 + c2a + 7 i7 2c_2*)cos2^}-(n '2) T h e s h e a r p r o b l e m 12. I f the plate is subject to a uniform shear S, a t large distances from the hole, parallel to the z-and y;axes, the appropriate expressions for F(£) and JF(£) are contained in (7-2) and (7*3). The to tal stress a t the edge of the hole is then given by the real p art of the formula t
For an elliptical hole the edge stress becomes values for spruce wood have, been used in previous papers and they are chosen so th a t the grain of the wood is parallel to the y-axis. I f the values of sn and s22 are interchanged (which jneans'a change1 in sign of 7l and y 2), the grain is then parallel to the a-axjs. The inverses of the constants sxi> s22> si2> 566 are measured in 103 kg./sq. mm.*
T h e t e n s i o n p r o b l e m : e l l i p t i c a l h o l e
14.
The values of the stresses a t the edge of an elliptical hole in a spruce plate under tension have been evaluated by using the formulae (10*2) and (11*2) together w ith (1*5) and (2*5), the semi-axes of the ellipse having the ratio a ': b' = 3: 2. Four cases are considered: the m ajor axis of the ellipse m ay be either along or perpendicular to the tension and the tension m ay be either along or perpendicular to the grain. The results are given in tables 2 and 3. In both tables the coordinate -£ is the eccentric angle of the ellipse and £ = 0 a t one end of the m ajor axis. The distribution of |g e over one quadrant of the hole is shown in figure 1 for the case where the tension is * T he u n its w ere in co rrectly given as kg./sq.m m . in previous papers.
parallel to th e grain and in figure 2 for th e case when it is perpendicular to th e grain. The values of | | c a t th e edge of a circular hole in a spruce plank are also shown in figures 1 and 2 for comparison. In these figures the sheet is supposed to be in a state of tension in the direction £ = 0, so th a t when th e tension is applied a t right angles to the m ajor axis of the hole the meaning attach ed to £ is different from th a t used in tables 2 and 3. tems in isotropic and plates 245 tension perpendicular to major a x i s -------circular hole* tension parallel to major a x is F ig u r e 1. S tress d istrib u tio n ro u n d th e edges of elliptical holes in sp ruce; ten sio n parallel to grain, parallel to £ = 0 .
From the figures and tables it is seen th a t the distribution of | | 6 round the elliptical holes in a spruce plank has the same general character as th a t round a circular hole. W hen the tension is applied parallel to the grain, the greatest variations in stress from th a t round a circular hole occur in the region of high stress concentration, b u t these regions are limited to small areas where the fibres which have been cut in making the hole lie close to the uncut fibres. W hen the tension is applied perpendicularly to the grain, the greatest variations in stress from th a t round a circular hole occur m ostly in the small regions near concentrations of high compressive stress.
In a previous paper (Green & Taylor 1945) an atte m p t was made to predict the type of failure which m ight be expected to occur in a spruce tension member containing a circular hole. The m ost interesting result waŝ tension parallel to major a x is circular hole tension perpendicular to major ax is F ig u r e 2. Stress d istrib u tio n ro u n d th e edges o f elliptical holes in sp ru ce; ten sio n p erp en d icu lar to grain, p arallel to £ = 0.
th a t when the tension is applied parallel to the grain breakdown is to be expected by a shearing crack parallel to the grain a t points on the circle which are about 12° from the position of maximum stress. A similar cal culation for elliptical holes, using tables 2 and 3 and figures 1 and 2, for th e case when the tension is applied parallel to the grain, and the m ajor axis of the ellipse is either along or perpendicular to the grain, predicts the same kind of breakdown, b u t the angular position of the shear cracks is slightly different. T h e t e n s i o n p r o b l e m : s q u a r e h o l e 15. The stress a t th e edge of a rectangular hole in an isotropic tension m em ber is given b y th e form ulae (4*6) and (6*6). These form ulae, how ever, only give practical values of th e stress a t points on th e edge of th e hole which are n o t near th e corners'of th e rectangle, since a t these com ers th e stress is theoretically infinite. I t will be seen th a t th e stress along m ost of th e edge which is a t rig h t angles to the tension is compressive and equal to -T. F or a square hole th e stress a t the middle points of th e edges which are parallel to th e tension is a tension and approxim ately equal to 1*827T.
In order to get some idea of th e effect of piercing a wall w ith rectangular openings Coker and Filon have, for simplicity, and to avoid stresses which would cause failure in the m aterial, considered, by photo-elastic m ethods, th e stress a t th e edge of a square hole whose angles are rounded off to a definite radius. I t is probably possible to obtain an analytical description of the particular hole which they considered, b u t the subsequent calculation using the methods of this paper m ight prove tedious. The general character of the stress distribution round such a hole can, however, be indicated by using a hole represented by the simple expressions (1-1), taking the case n = 3, a -36, since this is approxim ately a square w ith the corners rounded off in a definite way. For an isotropic m aterial one case is considered numerically, namely th a t in which the tension is applied parallel to two sides of the square. The necessary results are either contained in formula (4*5) or they m ay be deduced from (4*3), (6-3) and (8-3). P utting a = 36, 3, the edge stress becomes .
-f e is t -■ and the numerical results are recorded in table 4. The point £ = 45° corre sponds to the mid-point of the side of the square which is perpendicular to the tension and the point £ = -45° corresponds to the m id-point of the side of th e square which is parallel to the tension. The results are represented by a diagram in figure 3 in which tensional stress is denoted by lines draw n along the outw ard norm als and compression is denoted by lines draw n along th e inw ard norm als.
Along th e sides of th e square which are parallel to the tension th e stress is greatly above th e value T and rises to a m axim um of ab o u t 2*9jT an d th en dim inishes very rapidly an d becomes an appreciable compression along th e o th er boundary w ith a m axim um a t the centre of th e line of -0*85 These results are in general qualitative agreem ent w ith those found by Coker & Filon by photo-elastic experim ents. T h e t e n s i o n p r o b l e m : t r i a n g u l a r h o l e 16. I t is of some interest to find the variation of edge stress round a triangular hole in an isotropic tension member. As in the problem of the square hole the corners m ust be rounded off in order to avoid stresses which would cause breakdown of the material. The equation (1*1), when a -26, n = 2, represents approximately an equilateral triangular hole whose corners are rounded off, and from (4*2) it is seen th a t the stress a t the edge of such a hole takes the simple form & T(S -8c os 2£ + 4 & = ------5 -~4 ĉ 3 |------- ' (16-1) when the tension is applied a t right angles to a side, and from (6-2) the stress is given by & T(3 + 8 cos 2£ -4 cos £) --------5 -4 0 0 8 3g------- ' (16' 2) when the tension is applied parallel to a side. Numerical results are given in table 5 and the variation of edge stress is shown in figure 4 for the case when the tension is perpendicular to one side and in figure 5 for the case when the tension is parallel to a side. In the former case the stress a t one corner is compressive and equal to -T. I t r then becomes a tension along the adjacent sides and a t the other corners it rapidly increases to a maximum of 5*28 and then rapidly decreases and becomes a compression along* most of the th ird side w ith a maximum of -Ta t the centre of the side. In the latter case the stress is ' a maximum of 7 Ta t one corner. I t rapidly decreases along the adjacent sides and near the other corners becomes a compression w ith a m aximum of -1*3 and then rapidly increases to another maximum tension of 2-a n d finally falls to a tension of 1*67 T a t the m id-point of the third side.
The shear problem
17.
Only one numerical example is considered here. A uniform shear S is applied to an isotropic plate which contains a square hole w ith rounded corners, the shear being applied parallel to the sides of the square. The formula for the edge stress is given by equation (8-5) when = 36 and = 3, and it takes the simple form £2 _ 13-5$ cos 2£^e = 5 -3 cos 4£ *
Some numerical values are given in table 6 where £ = 45° is the mid-point of a side of the square and £ = 0 is a corner of the square. I t will be seen from the table th a t the edge stress reaches the high values ± 6-75$ a t the corners. 
